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Motivation

We are interested in the behavior of prime elements in ring extensions.

Prime ideals have been well studied in ring extensions.

Recently, papers such as [5] by de Castro and [12] by Dutta have
considered prime elements.

We will be looking at a conjecture proposed by de Castro in [5] and
related problems.
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Rings

Definition

A ring, (R,+, ·) is a nonempty set R with two binary operations + and ·
satisfying:

1 (R,+) is an abelian group

2 · is associative
3 for all a, b, c 2 R, a · (b + c) = a · b + a · c and (a+ b) · c = a · c + b · c.

Definition

We say R is commutative if a · b = b · a for all a, b 2 R.

Definition

We also say R has an identity if there exists an element 1R 2 R such that
1R · x = x · 1R = x for all x 2 R.

Example

R, Q, Z[x ] are all commutative rings with identity.
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Zero divisors and Integral Domains

Definition

An element a 2 R is called a zero divisor if there exists 0 6= b 2 R such that
ab = 0.

Example

Consider Z/6Z. The zero divisors are 0, 2, 3, 4.

Definition

A commutative ring with 1 is called an (integral) domain if the only
zero-divisor is 0 (so ab =) a = 0 or b = 0).

Example

Although our previous example is not a domain, we know Z/5Z is a domain
since 0 is its only zero divisor.

A domain implies the cancellative property.

For our research, we will be assuming all rings are domains.
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Units, Irreducibles, and Primes

Definition

We call an element a 2 R a unit if there exists b 2 R such that ab = 1R .
Futhermore, we typically write U(R) to denote the group of units in a ring R.

Example

The units of Z[i ] are ±1 and ±i .

Definition

A nonunit p 2 R is said to be prime if p | ab implies that p | a or p | b.

Example

Some examples of prime elements include 2, x 2 Z[x ].

Our research revolves around analyzing these prime elements.
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Ideals

Definition

If R is a commutative ring, an ideal I ✓ R is a subgroup of R such that rx ✓ I
for all r 2 R and x 2 I .

Definition

An ideal P ✓ R is prime if ab 2 P =) a 2 P or b 2 P

Definition

An ideal M ✓ R is maximal if for any ideal M ✓ I ✓ R, then I = M or I = R.

If an ideal is maximal, then it is prime.

In a domain, if (p) is prime, then p is prime.

Example

Consider Z.
The ideals are in the form (n) for all n 2 Z.
The prime ideals are (0) and (p) for all prime p.

The maximal ideals are in the form (p) for all prime p.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals

Definition

If R is a commutative ring, an ideal I ✓ R is a subgroup of R such that rx ✓ I
for all r 2 R and x 2 I .

Definition

An ideal P ✓ R is prime if ab 2 P =) a 2 P or b 2 P

Definition

An ideal M ✓ R is maximal if for any ideal M ✓ I ✓ R, then I = M or I = R.

If an ideal is maximal, then it is prime.

In a domain, if (p) is prime, then p is prime.

Example

Consider Z.
The ideals are in the form (n) for all n 2 Z.
The prime ideals are (0) and (p) for all prime p.

The maximal ideals are in the form (p) for all prime p.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals

Definition

If R is a commutative ring, an ideal I ✓ R is a subgroup of R such that rx ✓ I
for all r 2 R and x 2 I .

Definition

An ideal P ✓ R is prime if ab 2 P =) a 2 P or b 2 P

Definition

An ideal M ✓ R is maximal if for any ideal M ✓ I ✓ R, then I = M or I = R.

If an ideal is maximal, then it is prime.

In a domain, if (p) is prime, then p is prime.

Example

Consider Z.
The ideals are in the form (n) for all n 2 Z.
The prime ideals are (0) and (p) for all prime p.

The maximal ideals are in the form (p) for all prime p.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals

Definition

If R is a commutative ring, an ideal I ✓ R is a subgroup of R such that rx ✓ I
for all r 2 R and x 2 I .

Definition

An ideal P ✓ R is prime if ab 2 P =) a 2 P or b 2 P

Definition

An ideal M ✓ R is maximal if for any ideal M ✓ I ✓ R, then I = M or I = R.

If an ideal is maximal, then it is prime.

In a domain, if (p) is prime, then p is prime.

Example

Consider Z.
The ideals are in the form (n) for all n 2 Z.
The prime ideals are (0) and (p) for all prime p.

The maximal ideals are in the form (p) for all prime p.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals

Definition

If R is a commutative ring, an ideal I ✓ R is a subgroup of R such that rx ✓ I
for all r 2 R and x 2 I .

Definition

An ideal P ✓ R is prime if ab 2 P =) a 2 P or b 2 P

Definition

An ideal M ✓ R is maximal if for any ideal M ✓ I ✓ R, then I = M or I = R.

If an ideal is maximal, then it is prime.

In a domain, if (p) is prime, then p is prime.

Example

Consider Z.
The ideals are in the form (n) for all n 2 Z.
The prime ideals are (0) and (p) for all prime p.

The maximal ideals are in the form (p) for all prime p.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals (continued)

Theorem

Let R be a commutative ring with 1 and I ⇢ R a proper ideal. Then,

1 I is prime if and only if R/I is an integral domain.

2 I is maximal if and only if R/I is a field.

Since fields are domains, this theorem provides a quick proof of why
maximal ideals are prime.

Example

Consider Q[x , y ].

The ideal (x) is prime since Q[x , y ]/(x) ⇠= Q[y ], which is a domain.

The ideal (x , y) is maximal since Q[x , y ]/(x , y) ⇠= Q, which is a field.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals (continued)

Theorem

Let R be a commutative ring with 1 and I ⇢ R a proper ideal. Then,

1 I is prime if and only if R/I is an integral domain.

2 I is maximal if and only if R/I is a field.

Since fields are domains, this theorem provides a quick proof of why
maximal ideals are prime.

Example

Consider Q[x , y ].

The ideal (x) is prime since Q[x , y ]/(x) ⇠= Q[y ], which is a domain.

The ideal (x , y) is maximal since Q[x , y ]/(x , y) ⇠= Q, which is a field.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Ideals (continued)

Theorem

Let R be a commutative ring with 1 and I ⇢ R a proper ideal. Then,

1 I is prime if and only if R/I is an integral domain.

2 I is maximal if and only if R/I is a field.

Since fields are domains, this theorem provides a quick proof of why
maximal ideals are prime.

Example

Consider Q[x , y ].

The ideal (x) is prime since Q[x , y ]/(x) ⇠= Q[y ], which is a domain.

The ideal (x , y) is maximal since Q[x , y ]/(x , y) ⇠= Q, which is a field.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Krull Dimension

Definition

We say that a chain of prime ideal

P0 ( P1 ( · · · ( Pn

has length n.

Definition

The Krull Dimension of a domain R is the supremum over the lengths of chains
of prime ideals.

Example

Since the only prime ideals of Z are (0) and (p) for prime p, the longest chain
of prime ideals is (0) ⇢ (p) for any p. Thus, the Krull dimension of Z is 1.

A ring with Krull dimension 1 implies that all nonzero prime ideals are
maximal.
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Integral Extension

Definition

Let R ✓ T be domains. We say that t 2 T is integral over R if t is a root of a
monic polynomial

p(x) = xn + rn�1x
n�1 + · · ·+ r1x + r0 2 R[x ].

Definition

Let R ✓ T be domains. We say that the extension is an integral extension if
for all t 2 T , then t is integral over R.

Example
p
2 is integral over Z .

Z ⇢ Z[
p
2] is an integral extension.
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Overrings

Definition

A ring extension T of a domain R is an overring of R if T is a subring of the
quotient field of R.

Example

Consider the extension Z[2i ] ✓ Z[i ]. Since the quotient field of Z[2i ] is Q[i ]
and Z[i ] ✓ Q[i ], we know Z[i ] is a overring of Z[2i ].

Consider R ✓ T such that T is an overring of R. Notice that for all
t 2 T , we can write t = r1

r2
for r1, r2 2 R.

Both R and T share the same quotient field.
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Conductor Ideal

Definition

Let R ✓ T be an extension. The conductor ideal
I = (R : T ) := {r 2 R | rT ✓ R}.

Intuitively, the conductor ideal can be thought of the set of elements that
pulls down the extension ring to the subring.

The conductor ideal of R ✓ T is the largest ideal in R that is also an ideal
in T .

Example

Consider the extension Z[x2, x3] ⇢ Z[x ]. The conductor is I = x2Z[x ] since
a · Z[x ] 2 Z[x2, x3] for all a 2 I . Additionally, we can show I covers all elements
through casework on coe�cients.
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Relationships between properties

Proposition

If the conductor of extension R ✓ T is nonzero, then T is an overring of S .

In a domain, we can rewrite

I := {0} [
⇢
r 2 R \ {0} | T ✓ 1

r
R

�
.

If conductor I is nonzero, then there exists an r 2 R \ {0} such that for all
t 2 T . Thus, we can write t = s

r where s 2 R.

Proposition

If R ✓ T is an integral extensions, then dim(R) = dim(T ).
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Our Question

Question

Given an extension R ⇢ T of domains, we study when an element p 2 R that
is prime in R (and possibly prime in T ) remains prime in every intermediate
ring S with R ✓ S ✓ T , and we determine various extension types which
exhibit such stability.

Example

Consider the extensions Z ⇢ Z[3i ] ⇢ Z[i ], 3 is prime in both Z and Z[i ].
However, since (3i)2 = �9 = 3 · (�3) but 3 -Z[3i ] 3i , 3 isn’t a prime in Z[3i ].
This example shows that prime stability doesn’t always hold.

Theorem (de Castro)

Let Z[!] be a quadratic integer ring, and consider Z ⇢ Z[n!] ⇢ Z[!]. Let
p 2 Z be prime in both Z and Z[!]. Then p is prime in Z[n!] if and only if
gcd(n, p) = 1.

Theorem (Dutta)

If R is a Noetherian domain, T is the integral closure of R, then any prime
element of R remains prime in T .

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Our Question

Question

Given an extension R ⇢ T of domains, we study when an element p 2 R that
is prime in R (and possibly prime in T ) remains prime in every intermediate
ring S with R ✓ S ✓ T , and we determine various extension types which
exhibit such stability.

Example

Consider the extensions Z ⇢ Z[3i ] ⇢ Z[i ], 3 is prime in both Z and Z[i ].
However, since (3i)2 = �9 = 3 · (�3) but 3 -Z[3i ] 3i , 3 isn’t a prime in Z[3i ].
This example shows that prime stability doesn’t always hold.

Theorem (de Castro)

Let Z[!] be a quadratic integer ring, and consider Z ⇢ Z[n!] ⇢ Z[!]. Let
p 2 Z be prime in both Z and Z[!]. Then p is prime in Z[n!] if and only if
gcd(n, p) = 1.

Theorem (Dutta)

If R is a Noetherian domain, T is the integral closure of R, then any prime
element of R remains prime in T .

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Our Question

Question

Given an extension R ⇢ T of domains, we study when an element p 2 R that
is prime in R (and possibly prime in T ) remains prime in every intermediate
ring S with R ✓ S ✓ T , and we determine various extension types which
exhibit such stability.

Example

Consider the extensions Z ⇢ Z[3i ] ⇢ Z[i ], 3 is prime in both Z and Z[i ].
However, since (3i)2 = �9 = 3 · (�3) but 3 -Z[3i ] 3i , 3 isn’t a prime in Z[3i ].
This example shows that prime stability doesn’t always hold.

Theorem (de Castro)

Let Z[!] be a quadratic integer ring, and consider Z ⇢ Z[n!] ⇢ Z[!]. Let
p 2 Z be prime in both Z and Z[!]. Then p is prime in Z[n!] if and only if
gcd(n, p) = 1.

Theorem (Dutta)

If R is a Noetherian domain, T is the integral closure of R, then any prime
element of R remains prime in T .

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Our Question

Question

Given an extension R ⇢ T of domains, we study when an element p 2 R that
is prime in R (and possibly prime in T ) remains prime in every intermediate
ring S with R ✓ S ✓ T , and we determine various extension types which
exhibit such stability.

Example

Consider the extensions Z ⇢ Z[3i ] ⇢ Z[i ], 3 is prime in both Z and Z[i ].
However, since (3i)2 = �9 = 3 · (�3) but 3 -Z[3i ] 3i , 3 isn’t a prime in Z[3i ].
This example shows that prime stability doesn’t always hold.

Theorem (de Castro)

Let Z[!] be a quadratic integer ring, and consider Z ⇢ Z[n!] ⇢ Z[!]. Let
p 2 Z be prime in both Z and Z[!]. Then p is prime in Z[n!] if and only if
gcd(n, p) = 1.

Theorem (Dutta)

If R is a Noetherian domain, T is the integral closure of R, then any prime
element of R remains prime in T .

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Prime Stability in 1-dimensional Integral Overring

Conjecture (de Castro)

Let R be 1-dimensional and T be an integral overring of R. If p is prime in R
and T , then p is prime in every intermediate ring S .

Example (de Castro)

Consider the extensions
Z[2mi ] ✓ S ✓ Z[i ]

As 2m is relatively prime to 3, for any m � 0, we know that 3 is also prime in
Z[2mi ]. We proceed to consider what S could be. We claim that S will always
be of the form

S = Z[2ni ]

for 0  n  m. Thus, 3 is prime in all possible intermediate extensions.
We also note that Z[i ] is integral over Z[2mi ] and they are both 1-dimensional.
They also have the same quotient field Q(i). So this is an explicit example of
the above conjecture.
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Prime Stability in 1-dimensional Integral Overring

Lemma

Let R ✓ T be an extension of 1-dimensional domains and p 2 R prime in T .
Then, the following are equivalent:

1 p is prime in R.

2 pT \ R = pR.

Example

Let R = Z[pi ] and T = Z[i ] where p 2 Z is a prime in T (for example any
prime with p ⌘ 3 (mod 4)). Note p is not prime in R since pi · pi = �p2 is a
multiple of p in R but p -R pi . Furthermore, we see that pi 2 R but i /2 R,
which means pi 2 pT \ R and pi /2 pR. Thus, pT \ R 6= pR, matches the
lemma.
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Prime Stability in 1-dimensional Integral Overring

Theorem (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Let R be 1-dimensional and T be an integral overring of R. If p is prime in R
and T , then p is prime in every intermediate ring S .

Since integral extension preserves Krull dimension, dim R = dim S = dim
T = 1.

Apply the lemma above, it su�ces to show that pT \ S = pS .

We only need to show that if t 2 T satisfies pt 2 S , then t 2 S .

The rest of the proof is to show with some technical details that t 2 S .

Example

Let F0 = Q ⇢ F1 = Q(
p
2) ⇢ F2 = Q( 4

p
2) ⇢ F3 = Q( 8

p
2) ⇢ . . . be algebraic

field extensions, L =
S1

i=0 Fi , consider the ring extension
R = F0 + xF1[x ] + x2F2[x ] + x3F3[x ] + · · · ⇢ L[x ] = R̄. Note that R̄ is a
1-dimensional integral overring of R. We can see that x + 1 is prime in R and
R̄, so x + 1 must be prime in all intermediate rings between R and R̄.
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Prime Stability in 1-dimensional Integral Overring

The restriction to 1-dimensional domains in the theorem is essential.

Example

Let F be a field and set

R := F [x , y 2, y 3] ⇢ S := F [x , xy , y 2, y 3] ⇢ T := F [x , y ].

Here T is an integral overring of R, since y is integral over R (satisfying
t2 � y 2 2 R[t]), and hence both S and T are integral over R. Note also that
dimR = dimT = 2, so R is not 1-dimensional. Consider p := x 2 R. In R we
have

R/(x) ⇠= F [y 2, y 3],

which is an integral domain, so x is prime in R. Similarly, in T = F [x , y ] the
ideal (x) is prime, since

T/(x) ⇠= F [y ]

is a domain. However, in the intermediate ring S we have the factorization

xy 3 = (xy) · y 2,

and x divides neither factor in S . Thus x is not a prime element of S .
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Prime Stability via Conductor Coprimality

Example

Let K = Q(
p
5) and OK = Z

h
1+

p
5

2

i
. Set

R = Z+ 6OK , I = (R : OK ) = 6OK ,

and for each divisor d | 6 define

Sd = Z+ dOK .

Then the only intermediate rings are S2 and S3. Let p = 7. Since
gcd(7, 6) = 1, we have 7R + I = R, and one can check that 7 remains prime in
R, S2, S3, and OK .

Example (de Castro)

Let Z[!] be a quadratic integer ring, and consider Z ⇢ Z[n!] ⇢ Z[!]. Let
p 2 Z be prime in both Z and Z[!]. Then p is prime in Z[n!] if and only if
gcd(n, p) = 1.
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Prime Stability via Conductor Coprimality

Theorem (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Let R ✓ T be domains, p 2 R prime, and I := (R : T ) 6= 0 such that
pR + I = R. Then p remains prime in T .

Theorem (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Let R ✓ T be domains, p 2 R prime, and I := (R : T ) 6= 0 such that
pR + I = R. Then p remains prime in T and in every intermediate ring S with
R ✓ S ✓ T .

From the first theorem, we know that p remains prime in T .

Let S satisfy R ✓ S ✓ T . Since the conductor grows when the rings get
closer, we have I = (R : T ) ✓ (R : S) =: IS .

Thus, apply the first theorem for R ✓ S , so that p remains prime in S .
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Prime Stability via Conductor Coprimality

Example (Vanishing Conductor)

Consider the extension
R = Z[2x ] ⇢ T = Z[x ].

where T is an integral overring of R. Here the conductor is

I = (R : T ) = {t 2 T | tT ✓ R} = 0,

so the conductor vanishes. Let

p = 2x 2 Z[2x ] = R.

In R, element p is prime because

Z[2x ]/(2x) ⇠= Z,

which is an integral domain. However, in T = Z[x ], we can factor

2x = 2 · x ,

so p is no longer prime in T .
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Prime Stability via Conductor Coprimality

Example

Let F be a field and set

R := F [x , y 2, y 3] ⇢ T := F [x , xy , y 2, y 3] ⇢ F [x , y ].

Note that T is an integral overring of R (indeed R ⇢ T ⇢ F [x , y ]).
Take p := x . The conductor I := (R : T ) is nonzero. In fact one can check
precisely that

I = (R : T ) = (y 2, y 3).

Notice that
R/(x , I ) ⇠= R/(x , y 2, y 3) ⇠= F ,

so (x , I ) is a proper ideal of R. Hence xR + I 6= R, i.e. x and the conductor I
are not coprime. In R, the element x is prime because

R/(x) ⇠= F [y 2, y 3]

is an integral domain. However in T we have the factorization

xy 3 = (xy) · y 2,

and p divides neither factor. Hence, x is not prime in T .
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Prime Stability via Conductor Coprimality

Definition

An order of an algebraic number field K is a subring O ✓ OK which is also a
Z-module of rank n = [K : Q].

Example

Z[i ] is the ring of integers of number field Q(i), all orders are in the form Z[ni ],
where n is a positive integer.

The following is a well-known theorem in order theory.

Theorem

Let K be a number field, O an order in K , and f = (O : OK ) the conductor. A
nonzero prime ideal p of O is invertible if and only if p+ f = O.
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Prime Stability via Conductor Coprimality

Corollary

Let O be an order in a number field K with conductor f = (O : OK ). If p 2 O

is a prime element then p remains prime in OK and in every intermediate order
O ✓ S ✓ OK .

Any principal fractional ideal is invertible, hence pO is invertible.

Since p is a prime element, pO is a prime ideal of O.

By the previous order theory theorem, pO is coprime to the conductor.

Applying our conductor coprime theorem , p is prime in OK and every
intermediate order S .
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Prime Stability via Conductor Coprimality

Corollary

Let O be an order in a number field K with conductor f = (O : OK ). If p 2 O

is a prime element then p remains prime in OK and in every intermediate order
O ✓ S ✓ OK .

Recall a lemma by Dutta: If R is a Noetherian domain and T is the
integral closure of R, then any prime element of R remains prime in T .

O is an order (hence Noetherian), OK is the integral closure of O (hence
an integral overring), and both are 1-dimensional.

Thus, any prime element p 2 O remains prime in OK .

Combining this with our 1-dimensional integral overring theorem shows
that p remains prime in every intermediate order S .
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Prime Stability via Conductor Coprimality

Corollary

Let O be an order in a number field K with conductor f = (O : OK ). If p 2 O

is a prime element then p remains prime in OK and in every intermediate order
O ✓ S ✓ OK .

The corollary also follows from a very classical order theory theorem.

Theorem

Let O be an order in K with conductor c. There exists a bijection between 
prime ideals in OK and in O which are coprime to c.
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Maximal Rings with Prime Stability

Definition

A partially ordered set is a set S with relation  such that
1

a  a

2

a  b and b  a implies a = b

3

a  b and b  c implies a  c

Example

The set of real numbers under the less than or equal to relation  is a partially
ordered set.

Example

Any set of sets under the inclusion relation ✓ is a partially ordered set.
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Maximal Rings with Prime Stability

Definition

A chain in a partially ordered set S is a subset C ✓ S such that for any
a, b 2 C , we have a  b or b  a.

Example

Note that {1, 2, 3} is a chain in the partially ordered set of reals under the less
than or equal to relation  is a chain, as

1  2  3.

Lemma (Zorn)

If a partially ordered set S has the property that every chain C has an upper
bound, or an element s 2 S such that s � c for all c 2 C , then S contains a
maximal element.
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Maximal Rings with Prime Stability

Question (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Given an extension R ✓ T and an element p 2 R prime in R, does there exist a
ring R ✓ M ✓ T which is maximal with respect to the property that p is prime
in M?

Yes. Consider the partially ordered set of all intermediate rings for which p
is prime, ordered under inclusion.

Every chain has an upper bound, so by Zorn’s lemma there exists a
maximal element.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Maximal Rings with Prime Stability

Question (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Given an extension R ✓ T and an element p 2 R prime in R, does there exist a
ring R ✓ M ✓ T which is maximal with respect to the property that p is prime
in M?

Yes. Consider the partially ordered set of all intermediate rings for which p
is prime, ordered under inclusion.

Every chain has an upper bound, so by Zorn’s lemma there exists a
maximal element.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Maximal Rings with Prime Stability

Question (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Given an extension R ✓ T and an element p 2 R prime in R, does there exist a
ring R ✓ M ✓ T which is maximal with respect to the property that p is prime
in M?

Yes. Consider the partially ordered set of all intermediate rings for which p
is prime, ordered under inclusion.

Every chain has an upper bound, so by Zorn’s lemma there exists a
maximal element.

Bofan Liu, Seabert Mao, and Michael Zhao Prime Element Stability in Ring Extensions



Maximal Rings with Prime Stability

Question (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Given an extension R ✓ T and an element p 2 R not prime in R, does there
exist a ring R ✓ M ✓ T which is maximal with respect to the property that p
is not prime in M?

No. Consider the rings

A = Z
h
y , y�1

i
and B = A

h
y� 1

2 , y� 1
4 , y� 1

8 , . . .
i
.

We will let R = A+ xB[x ] and T = B[x ].

Using the identity x2 =
⇣
y

1
2c x

⌘⇣
y� 1

2c x
⌘
, we can find that there is not a

maximal intermediate ring where x is prime.
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Prime Stability in FCP Extensions

Definition

A chain of rings is a set C of rings such that for all R,T 2 C , we have that
R ✓ T or T ✓ R.

Definition

A ring extension T of R satisfies the Finite Chain Property (FCP) if every
chain of intermediate rings is finite.

An example of this is Z[30i ] ✓ Z[i ].

Question

When does an element p of R prime in R and T remain prime in all
intermediate rings?
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Prime Stability in FCP Extensions

Draw a directed graph on all intermediate rings under inclusion.

We will delete redundant edges from this graph.

S1,1 S1,2 S1,3

R S2,1 S2,2 S2,3 S2,4 T

S3,1 S3,2 S3,3 S3,4

Figure: Ring extension R ⇢ T satisfies FCP.
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Prime Stability in FCP Extensions

Definition

A ring extension R ( T is minimal if there are no intermediate rings S 6= R,T .
Equivalently, we say that R and T are adjacent.

If there is an edge from S1 to S2, then S1 and S2 are adjacent.

Therefore, it su�ces to consider the case where R and T are adjacent.

Theorem (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

Let R ⇢ T be adjacent rings, and let p be a prime in R. Then p is either prime
or a unit in T .
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Prime Stability in FCP Extensions

Note that T = R[a] for any a 2 T \ R.

Lemma

For a ring R with a prime p, suppose that R ✓ R[a] = R[pa], and that r 2 R
satisfies p |R r if p |R[a] r . Then p is prime in R[a] = R[pa].

Going back to the theorem, we consider

R ✓ R[pa] ✓ R[a] = T .

If p is not prime in T , it can be proved that T = R
h
r
p

i
for r 2 R.

We can then prove that p is a unit in T .
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Prime Stability in FCP Extensions

Theorem (Coykendall-Kettinger-Liu-Mao-Zhao, 2025)

If T is a ring extension of R satisfying FCP and p 2 R is prime in both R and
T , then p is prime in all intermediate rings.

Note that p only has to be a nonunit in T for this to hold.

Example

Consider the ring extension Z[ni ] ✓ Z[i ] for any positive integer n. This
satisfies FCP, as all intermediate rings are of the form Z[di ] for d | n, and so
every chain has finite length. Therefore, if p is prime in Z[ni ] and Z[i ], then it
is prime in every intermediate ring.

This also follows from the other results.
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Prime Stability in FCP Extensions

Example

Note that Z ✓ Z
⇥
1
n

⇤
also satisfies FCP for any positive integer n, as all

intermediate rings are of the form Z
⇥
1
d

⇤
for d | n, and so every chain has finite

length. Furthermore a prime p in both Z and Z
⇥
1
n

⇤
must satisfy gcd(p, n) = 1,

and therefore gcd(p, d) = 1, so p is prime in Z
⇥
1
d

⇤
. Therefore, this example

satisfies the theorem.

This also follows from the other results.
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Prime Stability in FCP Extensions

Example

For any positive integer n, define

R = Z+ xQ[x ],T = Z

1
n

�
+ xQ[x ].

All intermediate rings are then of the form Z
⇥
1
d

⇤
+ xQ[x ] for some d | n. We

see that T is an extension of R satisfying FCP, so every element prime in both
R and T must be prime in every intermediate ring as well.

This example is not implied by the other results.

Also, a prime p 2 R that is not a unit in Q[x ] is prime in all Z
⇥
1
n

⇤
+ xQ[x ].

Taking the union of the rings

R ⇢ Z

1
2

�
+ xQ[x ] ⇢ Z


1

2 · 3

�
+ xQ[x ] ⇢ Z


1

2 · 3 · 5

�
+ xQ[x ] ⇢ · · · ,

we find that if a prime in R is not a unit in Q[x ], then it is a prime in Q[x ].
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Prime Stability in FCP Extensions

Theorem (Dobbs et al.)

If R ✓ S has conductor C , then R ✓ S is integral and satisfies FCP if and only
if S is a finitely generated R-module such that R/C is an Artinian ring.

Corollary

If R ✓ T has conductor C and T is a finitely generated R-module such that
R/C is an Artinian ring, then if p is prime in R and not a unit in T , then p
remains prime in every intermediate ring extension R ✓ S ✓ T .
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